
Aircraft Vortex Wake and Flight Safety Problems

Anatoliy V. Bobylev∗

Central Aero-Hydrodynamics Institute, 140180, Moscow, Russia

Victor V. Vyshinsky†

Moscow Institute of Physics and Technology, 140181, Moscow, Russia

and

George G. Soudakov‡ and Vassiliy A. Yaroshevsky§

Central Aero-Hydrodynamics Institute, 140180, Moscow, Russia

DOI: 10.2514/1.46432

The paper presents a mathematical model of the aircraft vortex wake for evaluating the safe separation

considering the wake-generating and following aircraft types and weather conditions. The solution of four major

problems is contained in the model concerned, namely, the wake generator, the interaction of the following aircraft

with the preceding aircraft vortex, the description of the turbulent atmosphere, and the vortex destruction.

Verification of the model was made based on experimental results of wind-tunnel and flight tests. Given are

calculations of the wake characteristics aft of particular aircraft and safe distance values in landing with various

turbulent atmosphere states.

Nomenclature

b = distance between vortices, m, where b0
is the initial distance

bik��� = correlation tensor in � space
E��� = energetic function of spectral density
H = flight altitude, m
k = turbulent energy, m2=s2

L = wingspan, m
Lt = turbulence scale, m
Lu, Lv, Lw = scales of turbulent gust components, m
PrT = Prandtl number based on temperature
Prw = Prandtl number based on velocity
qt = turbulence level, m=s,

���
3
p
�w for isotropic

turbulence
RiT = Richardson number based on temperature
Riw = Richardson number based on velocity
r = distance from the vortex axis, m
rc = vortex core radius, m
S�

��������������
2SijSij

p
,
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�
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�
= Navier–Stokes symmetric tensor

Sj��� = spectral density of j component of the
gust

T = temperature, K
t = time, s
U1 = flight velocity, m=s
u, v, w = longitudinal, lateral, and vertical velocity

components, m=s
V = wind velocity, m=s
V� = circumferential velocity in the vortex, m=s

x, y, z = longitudinal (along the vortex axis),
horizontal, and vertical coordinates, m

� = angle of attack
� = vortex circulation, m2=s, where �0 is the

circulation at the initial moment of time
�c = vortex core circulation, m2=s
�y, �z = deviations of axial line from undisturbed

position, m
�ŷ, �ẑ = Fourier transformation for deviations
"t = turbulent energy dissipation rate, m2=s3

� = molecular air viscosity coefficient,
kg=s2�m2

� = air density, kg=m3

�u, �v, �w = mean-square deviations of turbulent gust
components, m=s

� = nondimensional time, t�
2�b2

0� = molecular kinematic viscosity, m=s2

�e = effective kinematic viscosity, m=s2, �t � �
�t = turbulent viscosity, m=s2

! = vorticity, s�1

� = vector of spatial frequency, ��x;�y;�z�

I. Introduction

W HEN in flight in the atmosphere, an aircraft generates a vortex
wake that is dangerous for other flying vehicles. In takeoff

and landing modes, it is the vortex wake limitation that specifies the
safe distance between the aircraft. A decrease in the distance,with the
safety target being maintained, increases the airport handling
capacity.

There exists at present an International Civil Aviation Orga-
nization (ICAO) matrix that accumulates the entire aviation
experience and ensures safe aircraft takeoff and landing. The matrix
concerned specifies the aircraft safe separation considering the types
of the preceding and following aircraft. Yet the air traffic controller,
guided by his personal experience, often decreases the allowable safe
distancevalue. According to the summary review [1],flight accidents
due to the aircraft getting into a vortex wake frequently occurred
during landing by the flight controller instructions. A similar prob-
lem arises in a cruise flight. The problem becomes still more pressing
as the possibility of decreasing the flight level separation is now
under consideration. It is, therefore, extremely important to have a
reliable mathematical model to evaluate aircraft safe separation
considering their types and weather conditions (an extended safe
separation matrix). A mathematical model like that should be based
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on the solution of the four major problems, namely, the wake-
generator flight, the interaction of the follower with the vortex wake
from the preceding aircraft, the description of the turbulent atmo-
sphere, and the vortex destruction.

It should be noted that no wake mathematical model known so far
is complete, that is, able to solve all the four problems as a single
complex. Out of the models available at present, the following are
worth mentioning.

The NASA model [2] simulates the turbulent atmosphere surface
layer and vortex wake evolution using a large eddy simulation
method known as 3-D LES.With this, both stages of the vortexwake
destruction are described. The wake-generator flight is studied with
the aid of an engineering model that specifies far vortex wake
evolution initial conditions. However, following aircraft and respec-
tive safe separation criterionwere not addressed by theNASAmodel.
The model also contains an atmosphere surface layer description
close to that given in the present review.

The European investigations were devoted to the perfection of the
methods for simulating the vortex wake destruction based on 3-D
LES. The problem of an aircraft getting into a wake was also studied
extensively. A cycle of experimental studies has been carried out. A
summary of the investigations conducted in this field is given in [1].

The model used by Belotserkovsky et al. [3] applied a discrete
vortex method for solving both the first and second aircraft problems
and the vortex wake evolution. The atmosphere surface layer model
is represented by a single parameter: the Richardson number that
specifies the vortex turbulent diffusion rate. The constant altitude
wind velocity profile is used.

The Central Aerohydrodynamics Institute model [4–6] and the
packages of programs developed on its basis contain solutions for all
four problems. The wake-generator problem is solved within the
framework of the boundary-value problem for the three-dimensional
Reynolds-averaged Navier–Stokes equations (3-D RANS) or by the
panel method. The problem of the follower is solved by the panel
method. The turbulent atmosphere mathematical model is based on
the Kolmogorov (cruise flight) and Monin–Obukhov (atmosphere
surface layer) theories as well as on the Experimental Meteorology
Institute studies. Both the near and far wakes are simulated using the
two-dimensional Reynolds equations (2-D RANS) and an ad hoc
constructed algebraic turbulence model.

Along with the models considered, simplified mathematical wake
models that are described by simple analytical formulas are also
available. For example, the distribution of the velocity tangential
componentV� generated by onevortexmay have the following form:

V� �
�

2�r

r2

�r2 � r2c�
(1)

where � is the vortex circulation, r is the vortex axis distance, and rc
is thevortex core radius corresponding to thevelocitymaximum. Part
of the investigation of the dynamics of flight was performed using a
simplified mathematical wake model Eq. (1).

An essential result of the present investigationwas the construction
of a unified model of wake destruction in the turbulent atmosphere
that combined the turbulent atmosphere andwakedestructionmodels
and enabled the effect of weather conditions on the wake life span to
be taken into account. A set of results important for practical
application has been obtained: an extended safe separationmatrix for
a landing approach was suggested and a conclusion was drawn that
the A380 aircraft does not fit in with the ICAO regulations; therefore,
a new super heavy aircraft type must be introduced [4]. This con-
clusion was confirmed by the Airbus Industries flight tests.¶

II. Mathematical Model of Vortex Wake
in Turbulent Atmosphere

The model proposed is composed of the wake-generator units,
near vortex wake, turbulent atmosphere, far vortex wake, and vortex
interaction with the follower. A block diagram of the program

package is presented in Fig. 1, where V is the wind velocity, T is the
temperature, k is the turbulent energy, and Lt is the turbulence scale.

To calculate the flow about the wake generator along with the
boundary element methods [7], a package of programs for solving
the boundary-value problem for 3-D RANS with a k–! shear
strain transport (SST) turbulence model is used that enables the
near-field characteristics and wake initial conditions to be defined
without any additional assumptions. Figure 2 presents an example
of this calculation for a Tu-204 aircraft at an angle of attack of
�� 3 deg, a Mach number of M� 0:78, and a Reynolds number
of Re� 2 � 106.

The near wake zone is defined as the area aft of the aircraft for
which the input boundary is located at a distance of xin � 0:5L and
the output one is located at a distance of xout � �6–10�L, where L
is the wingspan. The output boundary is specified by the condition
of the vortex sheet folding in a coherent vortex system (in two
vortices, as a rule). The ultimate result of the near wake simulation
is the output boundary parameters of the flow distribution.

To calculate the near wake aft of the aircraft, the following are
used: an unsteady analogy in the approximation of the 2-D unsteady
Reynolds-averaged Navier–Stokes equations (URANS) with an
ad hoc constructed algebraic turbulent viscosity model or a modified
k–" turbulence model, 3-D RANS, or analytical models.

As the initial condition for the near wake simulation, the calcu-
lation result is used with x� xin for the complete aircraft layout.
Analytical models relate the input boundary vortex parameters
immediately to the aircraft performance.

Fig. 1 Block diagram of the program package.

Fig. 2 Aircraft layout and longitudinal component of vorticity field in

the cross section x� 0:5L.

¶Press release of Airbus Industries, 28 September 2006; press release of
Airbus Industries, 3 October 2006; press release of the European Aeronautic
Defence and Space Company, 3 October 2006.
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In the unsteady analogy approximation, instead of a three-
dimensional stationary wake evolution problem an equivalent two-
dimensional nonstationary one is solved (t� x=U1, where U1 is
the flight velocity). The problem concerned involves formulation
of the initial conditions at t� 0. The initial conditions are taken
from the calculation of a flow about a complete aircraft layout
using 3-D RANS for the cross section x� xin.

To examine the adequacy of a standard k–! SST turbulence
model, an individual vortex problem was used as an example. The
experiments show that in the vortex core there occurs laminarization
of the flow and the turbulent viscosity tends to zero. The standard
turbulence model is seen (Fig. 3) to give an inadequate result due to
the excessive turbulent viscosity in the zones of severe flow vorticity.
Hence, a modified k–! SST turbulence model with a correction for
the streamline curvature should be used [8] (Fig. 3).

The three-dimensional stationary near vortex wake problem (3-D
RANS) is solved in the rectangular area. At the input boundary
(xin=L� 0:5), three velocity components and the pressure taken
from the solution of the problem of a flow about the aircraft’s
complete layout are specified. At the output boundary (xout=L�
7:73) set are zero derivatives in x coordinate of the problem param-
eters and at the lateral boundaries the static pressure is specified. The
problem is solved for half the space with an assumption of the flow
symmetry relative to the longitudinal vertical plane z� 0.

Figure 4 gives calculation results of the field of the longitudinal
vorticity component !x in the cross section xout � 7:73L obtained
using 2-DURANS and 3-DRANS. For the 3-DRANS case, the flow
velocity longitudinal component is also presented (Fig. 5). The main
difference between the 3-D RANS and 2-D URANS methods is
that the former allows for the flow velocity longitudinal component
and its effect on the lateral components. The effect is seen to be
negligible, which confirms the correctness of the unsteady analogy
application.

Figure 5 also shows the trailing vortex core longitudinal velocity
deficit of about 20 m=s at a flow velocity of 225 m=s. The vortex
characteristics in the output section xout � 7:73L are presented in
Table 1.

III. Calculation of Aircraft Aerodynamic
Characteristics When Entering a Vortex Wake

To obtain the integral characteristics (forces and moments) ex-
erted on an aircraft when entering a vortex wake from the preceding
aircraft, the panel methods and the discrete vortex method are used.
To estimate an admissible rolling moment, calculations were made
for a number of wake generators and various vortex wakes. The
vortex field induced by the wake generator was described by the
analytical model. Estimations have been made based on the
maximum admissible rollingmoment induced by the vortex from the
preceding aircraft on the following aircraft moving along the vortex
axis.

The vortex circulation value that is hazardous for the follower
appeared to be negligibly dependent on the vortex core radius.
Figure 6 gives a generalized dependence of the wake-generator
vortex circulation admissible for the follower versus its wing spanL.

This dependence was obtained by means of estimation of the
maximum admitted roll moment induced by the vortex with given
circulation on the following aircraft flying along the vortex axis (the
worst case). To estimate this admitted roll moment, calculations for
complete layouts immersed in the vortexwakewere carried out using
a panel method [7]. The vortex structure depending on the wake-
generating aircraft parameters was described by the formula (1). It
was obtained that additional rolling moment induced by the vortex
weakly depends on the vortex core radius; therefore, this parameter is
absent in Fig. 6. Because only the increment of rolling moment
induced by the vortex is important, the aircraft height above the
ground is also absent in Fig. 6.

Fig. 3 Tangential velocity component vs vortex center distance.

Fig. 4 Field of the longitudinal vorticity component !x: a) 2-D URANS, and b) 3-D RANS.

Fig. 5 Field of the longitudinal velocity component (in meters per
second).
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Given this relationship and the wake destruction mathematical
model (i.e., wake-generator vortex circulation as a function of time),
the time interval required to provide the following aircraft safe flight
may be estimated.

IV. Far Wake Evolution and Destruction

In simulating the vortex wake destruction in the turbulent
atmosphere in a cruise flight, the model of an isotropic uniform
atmosphere is used. The initial data for setting random velocities of
the turbulent wind gusts are a spectral density form and two
parameters: scale and variance. The most common is the Karman
spectral density model [9]:

E��� � 55

9�
�2Lt

��kLt��4
	1� ��kLt��2
17=6

(2)

where Lt is the turbulence scale, � is the standard deviation, �k �
1:339 is the Karman constant, and�� j�j is the spatial frequency
vector magnitude �� ��x;�y;�z�. Function E��� enables
spectral densities of the gust velocity random vector components of
any order to be determined. Thus, the correlation tensor bik��� that
specifies variance and correlation of the velocity components in the
� space is determined by the following formula [10]:

bik��� �
E���
4�
� ��

2�ik ��i�k�
�4

Hence, the jth component spectral density has the form [9]

Sj��x;�y;�z� � bjj �
E�����2 ��2

j�
4��4

(without summation on the repetitive index j). It should be
emphasized that in the� space there is no frequency correlation (as a
result of the turbulence uniformity and isotropy).

Spectral densities of a fewer number of variables are determined
by means of integration:

Sj��x;�y� �
Z 1
�1
Sj��x;�y;�z� d�z;

Sj��x� �
Z 1
�1
Sj��x;�z� d�z

These formulas are valid for the isotropic turbulencewhen spectral
characteristics are identical for all the directions. In practice, this
hypothesis is applied to altitudes above 300 m, at which variances
and turbulence scales of all the velocity vector components are taken
to be identical:

Lu � Lv � Lw �
�
h for h < 760 m;
760 m for h > 760 m

�u � �v � �w

In the atmosphere surface layer (h < 300 m), spectral density
parameters of various wind velocity components are different and
vary with height. There exists a great number of models that are
applicable to the aircraft landing simulation, for instance, the Boeing
model [11]:

�u
�w
� �v
�w
� 1

	0:177� 0:823 h
300

0:4 ; Lw � h

Lu � Lv � Lw
�
�u
�w

�
3

or the ICAO model [12]:

Lw � h; Lu � Lv � 180 m; �u � �v � 2�w

Here �w � 0:09U10, whereU10 is the systematic wind modulus at
the height of 10 m. In practice, spectral density formulas used for the
atmosphere surface layer are the same as those for the isotropic
turbulence, but in dimensionless variables:

�S� S

�2
; ��i �

�i

Lji
; �x� x

Ljx
; �y� y

Ljy
; �z� z

Ljz

where Lji is the scale of the jth velocity component along the ith
axis. One-dimensional (in x) and two-dimensional (in x and z)
dimensionless spectral densities of the turbulence are determined by
the following formulas:

�Sv� ��x� � �Sw� ��x� �
1� 8

3
��k ��x�2

�	1� ��k ��x�2
11=6

�Sv� ��x; ��z� �
2�2k	1� 11

3
��k ��x�2 � ��k ��z�2


3�	1� ��k ��x�2 � ��k ��z�2
7=3

�Sw� ��x; ��z� �
16�2k	��k ��x�2 � ��k ��z�2


9�	1� ��k ��x�2 � ��k ��z�2
7=3

Dimensional and dimensionless spectral densities are related by

ratios Sj��x� � �2j �Sj� ��x�Lx, Sj��x;�z� � �2j �Sj��x;�z�LxLz.
The spectral densities presented are normalized so that the respective
variances are determined by integrating only over the positive
frequencies.

Known spectral densities for various components enable random
realizations of gust velocities to be specified. Themost commonway
of specifying the realizations is to represent wind velocities in the
form of the Fourier series with discrete frequency set:

Wj�x; y; z� �
XM
m�1

XK
k�1

XN
n�1

Ajmkn cos��xmx��yky��znz�

� Bjmkn sin��xmx��yky��znz� (3)

whereAjmkn andB
j
mkn are independent (in terms of indicesm, k, andn)

Gaussian random variables with variances D	Ajmkn
 �D	B
j
mkn
�

Sj��xm;�yk;�zn���x��y��z, but dependent in terms of index j.
The correlation factor is specified by tensor bik.

Random realizations are presented in the form of the Fourier series
with prescribed discrete frequency set �k � k��, k� 1; 2; . . . ; K.
The frequencies are determined by discretization of theOX axis and

Table 1 Core radius rc and vortex circulation �

Unsteady analogy 2-D URANS 3-D RANS

Vortex 1 Vortex 2 Vortex 3 Vortex 4 Vortex 1 Vortex 2 Vortex 3 Vortex 4

rc, m 0.91 0.77 0.77 0.59 0.99 0.87 0.82 0.91
�, m2=s 370 61 36 �7 356 65 25 �10

Fig. 6 Maximum admissible wake-generator circulation � for the

aircraft with wingspan L moving along the vortex axis to safely get into

the preceding aircraft wake.
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selected so that the discrete spectrum includes all the frequencies for
which the respective harmonics may practically be realized with the
given discretization of the independent variable x. The minimum
frequency in the expansion is determined so that its respective
wavelength coincides with the entire realization length and the
maximum one is determined by the wavelength corresponding to
about four steps of the OX axis discretization. In this case,

�1 ���� 2�=�xM � x1�; K �M=4

The random realization calculation procedure is based on the lack
of different harmonic correlation and reduced to the following. For
each frequency determined is the mutual spectral density symmetric
matrix Sk with elements Ski;j � Sw�byij; bzij; !k��! where i�
1; 2; . . . ; N, j� 1; 2; . . . ; N, byij � yi � yj, and bzij � zi � zj. The
symmetric matrix Sk is presented in the following form:

Sk � Tk�Tk�T

where matrix T is proportional to the orthogonal transformation
matrix that reduces the symmetric matrix to a diagonal-type. When
calculated numerically, matrix T is determined by an iterative
method of rotations that allows any symmetric matrix to be reduced
to a diagonal-type irrespective of the multiplicity of its eigenvalues.
With matrix T having been determined, the respective harmonics of
all the random realizations can be obtained as linear combinations of
noncorrelated standard harmonics having the same frequency:

wkn;m �
XN
j�1

Tknj	
k
j �xm� (4)

where 	kj �xm� � Bkj cos��kxm� � Ckj sin��kxm�, and Bkj and Ckj are
independent standard normally distributed random quantities (with a
zero average of distribution and unit variance). Equation (4) is used to
calculate all the values of indices n and m, that is, at specified
frequency �k, the respective harmonics of all the wind realizations
over their entire length are determined. The ultimate result is
obtained by the summation of all the harmonics:

wnm �
XK
k�1

wknm

A. Atmosphere Surface Layer

The atmosphere surface layer is characterized by the altitude
profiles of the average wind velocity, temperature, and turbulence
level and scale (or turbulent energy dissipation rate). It should be
emphasized that all four functions are essential for thewake evolution
description, but they are not independent. The object of the mathe-
matical model of the atmosphere surface layer is to find a correlation
between the profiles of the average wind velocities and temperature
and those of turbulence level and scale. The simplest and most
efficientmethod at present is amathematicalmodel of the atmosphere
basedon theMonin–Obukhov theory,which contains twoparameters
(wind velocity at a particular altitude and the Obukhov length or
related to the latter Richardson number describing the atmosphere
stability). Based on these parameter values, the model allows all four
necessary functions to be reconstructed using the similarity theory
considerations and empirical relationships. Vyshinsky et al. [4] gave
a detailed description of the model in which, as an illustration, the
wind velocity profiles for different atmosphere states as well as a
comparison of the computational results with the experimental data
was presented.

B. Model of Vortex Wake Destruction in Turbulent
Atmosphere [5,6]

Thismodel is based on the solution of the boundary-value problem
for 2-D URANS. As shown earlier, the turbulence model correction
for the streamline curvature is required. Yet, in the far field this

correction is not sufficient due to the interaction between the
background turbulence and that generated by the wake vortices. The
present paper suggests two turbulencemodels, an algebraic one and a
k–! SST, that evidently take into account the aforementioned
interaction. The correction involved should make an allowance for
the two essentially different scales present in the problem. As the size
of the calculational domain is usually less than the atmosphere
turbulence scale, the effect of the turbulent energy transfer from the
large atmosphere turbulent vortices to the scales of the aircraft-
generated vortex should be taken into account.

C. Turbulence Models

The algebraic two-scale turbulence model serves to generalize the
results [5,6]. The vortex ambient atmosphere is described by the two

parameters: turbulence level qt � � �u02 � �v02 � �w02�1=2 and turbu-
lence scale Lt. The turbulence scale inside the vortex is much less
than that of the atmosphere ‘� Lt. Based on the dimension theory,
the turbulent energy dissipation rate "t may be expressed through the
quantities involved as follows:

"t � C0�q3t =Lt�

where C0 is some constant. By means of a cascade process, the
atmosphere turbulent energy should be transferred to the smaller
scales (including those on the order of the wake vortex size) before
it dissipates into heat. As the size of the real wake problem compu-
tational domain does not allow the evolution of large vortices with
sizes on the order of Lt to be simulated (they may be simulated
only in 3-D statement), the energy influx from the large atmosphere
turbulent vortices should explicitly be taken into account in the
turbulent energy balance equation. The total influx of the vortex
turbulent energy is equal to the sum of the energy production in the
vortex and energy influx from the large atmosphere vortices:

P� �
�
�t

�
1 � RiT

PrT
� Riw
Prw

�
S2 � C0

q3t
Lt

�

where S�
��������������
2SijSij

p
, Sij � 1

2
�@Vi
@xj
� @Vj

@xi
� is the Navier–Stokes

tensor, �t � �t=� is the turbulent kinematic viscosity coefficient,
and �t is the turbulent viscosity coefficient of air. The terms
containing Richardson numbers are responsible for the energy
production by the temperature gradient and that of the longitudinal
velocity, respectively. Then the hypothesis of the local turbulent
energy balance may be expressed as follows:

C2
v

�t�1 � RiT=PrT � Riw=Prw�
Re

S2 � C3
q

q3t
Lt
� �

3
t

‘4

where Cv and Cq are some constants. Following [13], in the
equation above, a correction for the Reynolds number is introduced
into the term responsible for the turbulent energy production,
where Re� �c=�, �c is the vortex core circulation, �� �=� is the
molecular kinematic viscosity coefficient, and � is the molecular
air viscosity coefficient. The correction enables the above equation
to be applied in cases of both full-scale and wind-tunnel conditions.
The term on the right-hand side of the equation describes the
turbulent energy dissipation on the scale at which viscosity is
essential. In the presence of the turbulent background, the turbulent
energy dissipation is greater than in the absence of the external
turbulence. There results a cubic equation for determining the
turbulent viscosity. As for the constants, values Cv � 0:05 and
Cq � 0:03 were obtained.

From the physical point of view, it is evident that turbulence scale ‘
is not constant. It increases from zero in the vortex center up to the
value on the order of the vortex size (or the distance between vortices
b) at some distance away from the vortex. In [14], asymptotic
estimates for ‘ were obtained in the vortex center and outside the
vortex core. Also, a composite formula for ‘ in the entire vortex
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region was suggested there. The formula is used in the present paper
and may be expressed as follows:

‘2 � ‘20
S�����������������������

C!!
2 � S2

p
It should be noted that the relationship involved is a means of

allowing for the streamline curvature in the algebraic turbulence
model. Based on the results of the testing, the following values of ‘0
(typical vortex size) and C! were taken on:

C! � 1:5; ‘0 �
�����������
S0=�

p
where S0 is the area occupied by the vortex (where 99% of thewhole
circulation is concentrated).

Along with the algebraic turbulence model, a modified k–! SST
model is used. As indicated earlier, a standard version of thismodel is
inapplicable to the problem considered due to an extremely high
vortex core turbulent viscosity value and the presence of the two
turbulence scales (an atmosphere background turbulence and a
vortex-induced one) that are essentially different in value. Both the
equations are subject to modification. A turbulent energy generation
corrector for streamline curvature suggested by Shur et al. [8] was
used and a term describing the influx of the turbulent energy from the
atmosphere background turbulence into the vortex region was
introduced. The last one is completely analogous to the respective
term in the algebraic turbulence model.

D. Two-Phase Semi-Empirical Turbulence Model

Accordingto[1], thevortexdestructionprocesshastwophases: that
of slowdiffusion(vortexdiffusionat lowvelocity)andsubsequent fast
destruction.The twophases are separatedbycharacteristic timeT
. In
compliance with the experimental results and calculations, based on
the large eddy simulation (see [1]), one obtains:

T
 � �2 � � � 6�t0; t0 � �2�b2=�0�

A physical process of circulation loss in the turbulent diffusion
phase may be represented as follows:

1) Vortex turbulent diffusion is induced both by the vortex itself
(velocity gradients) and the external atmosphere.

2) The effect of the external atmosphere on the turbulent viscosity
prevails at high r.

3) In compliance with the model used in [2], an appreciable
fraction of the vortex vorticity exists at sufficiently high r.

4) The present paper assumes the following hypothesis: the vortex
vorticity below that of the background atmosphere is not registered
by any physical device and cannot be identified as the vorticity
belonging to the vortex.

5) In the process of turbulent diffusion, increasingly larger vortex
regions have vorticity values lower than the background one. This
results in the vortex circulation loss.

6) In the vortex region in which the vorticity is lower than the
background one, a process of energy dissipation into heat occurs.

It is assumed that the vortex destruction in the second phase may
also be described within the framework of 2-D RANS if an
appreciably higher background turbulence level and essentially
lower scale are to be specified. The background turbulence in the
phase concerned is not immediately related to that of the atmosphere
but is generated by the vortex itself (secondary vorticity). With this,
its key parameters will be the vortex circulation and wingspan. The
idea has been implemented in the circulation loss computational
program based on 2-D RANS using an algebraic turbulence model.
Thus, the second phase may be described by the same equations but
with different turbulent energy dissipation rate value "t, for in this
phase the turbulent background is generated by the vortex filament
itself due to the shortwave perturbation buildup. With this, the key
quantities determining "t are the vortex circulation at the initial
moment of time �o and the distance between vortices b:

"t � C3�1=b���0=b�3

For constant C3, the value 0.0003 has been obtained. All empirical
constants were obtained by means of its fitting to the results of some
test cases published in [2] (lidar measurements).

As the time instant for "t changeover (the moment of phase
transition), an empirical criterion is used:

T
 �min�Tlink; 8to�

where Tlink is the vortex contact time according to the linear
theory [15].

E. New Theoretical Vortex Diffusion Model

A new theoretical model of the vortex destruction in a turbulent
atmosphere is suggested that substantiates every item of the semi-
empiricalmodel described earlier.Wakevortices are characterized by
the fact that in the vortex region the vorticity longitudinal component

is much greater than the lateral one j!xj �
���������������������������
j!yj2 � j!zj2

q
. Yet, on

the vortex periphery the longitudinal component decreases expo-
nentially and is comparable on the order of magnitude with the
turbulent atmosphere background vorticity. It should be emphasized
that the turbulent atmosphere vortices are essentially three
dimensional and that the wake vortices are two dimensional, at
least until they begin to link or become deformed by turbulence; in
other words, inside thewake vortex the two-dimensional approach is
valid and 2-D RANS may be used.

It should be noted that the atmosphere turbulence scale is much
greater than the vortex diameter and distance between vortices b. In
compliance with Kolmogorov’s theory for the uniform and
isotropic turbulence, the atmosphere turbulent energy is distributed
over the vortex cascade from the atmosphere turbulence scale size
to the viscosity scale. Thus, an appreciable fraction of the atmo-
sphere turbulent energy falls into the same scale as the order of the
vortex size.

It is obvious that on the vortex periphery the two-dimensional
approach becomes invalid. With this, there occurs a strong inter-
action between the two-dimensional wake vortices and the three-
dimensional vortices of the turbulent atmosphere on the same scale as
the order of the vortex size; hence, the two-dimensional wake
vortices are transformed into three-dimensional vortices of the
turbulent background. Because of the vortex diffusion, increasingly
larger vortex areas are transferred into the turbulent background,
which accounts for the vortex circulation “loss.” This mechanism is
valid for the first (slow) phase of the vortex turbulent diffusion and
characterized by appreciable pulsations as the vortex circulation
decreases, which is observed in the experiment. It is for this reason
that the definition of the vortex circulation as an average value over
the ring r� 5–15 m (the vortex diameter is on the order of 10m) has
been empirically introduced.

After awhile, as thewakevortex growsweaker, thevorticity inside
the vortex itself begins to strongly interact with the background one,
that is, there comes the second phase of the vortex destruction. The
phase is characterized by strong velocity fluctuations in the entire
vortex region that cause circulation exchange between positive and
negative vortices. This results in fast wake destruction.

On the results of the analysis carried out, the following conclu-
sions can be drawn:

1) The circulation loss effect is a result of the vortex interaction on
its periphery with the three-dimensional vortices of the background
vorticity on the same scale as the order of the vortex size.

2) The circulation loss effect may be described by 2-D RANS
using only semi-empirical turbulencemodels that evidently allow for
the turbulent energy influx from the large-scale atmosphere turbulent
vortices into the wake vortex region.

An alternative to item 2 may be the usage of 3-D RANS with a
modified turbulence model to allow for the streamline curvature.

F. Sinusoidal Instability

The experiments show that two parallel vortices gradually begin to
perform symmetric oscillations with increasing amplitude. Over the
course of time, the vortex plaits combine to form a ring system, after
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which the vortex wake is quickly destructed. Crow [11] succeeded in
simplifying the evolution problem of a vortexwake consisting of two
vortices with circulation of different signs. By introducing certain
simplifications, a systemof equations has been obtained that describe
a change in the shape of the plaits in space. To characterize the
turbulence intensity, a dimensionless parameter 
� "1=32�b4=3=� is
used, which is related to the Karman model parameters through the
following ratio:


�
������������������
1

a

55

9��5=3k

s
��

�
b

L

�
1=3

� 1:09
��

a1=2

�
b

L

�
1=3

where �� � �2�b=�, and a� 1:5 is the Kolmogorov’s constant [see
Eq. (5)]. It is suggested that the characteristic evolution time Tlink of
the unstable oscillations be calculated based on condition ��yS � b.
The nondimensional vortex life span may be introduced by the
formula � � Tlink=�2�b2=��.

In [11], a continuous spectrum of eigenvalues for the problem
concerned is analyzed and those with maximum real part (complex
numbers) are found. A comparison with the experimental data
showed that the estimates obtained correctly assessed, both qualita-
tively and quantitatively, the nature of the vortex wake evolution.
The phenomenon described (increasing vortex plait symmetric

oscillations with definite frequency) was called the “Crow sinusoidal
instability.”

The atmospheric turbulence is a major external perturbation
stimulating the onset of oscillations. Crow and Bate [15] considered
linearized equations of the vortex perturbed motion under the effect
of turbulence described by the Kolmogorov model. In the time
instant T, when the symmetric oscillation rms becomes equal to the
initial distance between vortices ��yS � b0, the vortices are believed
to come in contact, break up, and recontact with subsequent ring
formation, which results in fast vortex wake destruction. Thus, the
wake life span is determined.

Because the atmosphere turbulence is a random process, time
instant T (the wake life span) is also a random quantity. In [15], the
formulas determining the average wake life span T are obtained for
the weak and strong turbulence separately. Dynnikov [16] solved the
problem in the same statement, but without division into cases of
weak and strong turbulence, and presented a complete solution that,
in particular, renders the results in [15] for the case of the strong
turbulence more precise (Fig. 7).

In the analysis of the case considered in [15], the distance between
vortices bwas taken as a turbulence scale. This choice of turbulence
scale results in a detraction of the relative turbulence level at the same
turbulence dissipation rate ". Dynnikov’s results [16] allow thewake
average life span values for the case of strong turbulence to be
specified (the wake average life span increases a bit) and confirm the
estimates in [15] for the most interesting case of weak turbulence.

According to Crow [11], oscillations of a pair of vortices about an
unperturbed position are divided into symmetric and antisymmetric
mode shapes that are determined relative to their functions:

�yS�x; t� ��y2�x; t� ��y1�x; t�
�zS�x; t� ��z1�x; t� ��z2�x; t�

for the symmetric shape and

�yS�x; t� ��y1�x; t� ��y2�x; t�
�zS�x; t� ��z2�x; t� ��z1�x; t�

for the antisymmetric one. Here, variables �y1, �y2, �z1, and �z2
designate displacements in the vortex plane (lateral displacement)
and perpendicular to the plane (vertical displacement) for thefirst and
second vortex, respectively.

Differential equations for the Fourier transformation on variable
x for the lateral and vertical components of the symmetric mode
are [11,17]

@�ŷS
@t
� a12�ẑS � �v̂2 � v̂1�;

@�ẑS
@t
� a21�ŷS � �ŵ2 � ŵ1�

Coefficients a12 and a21 for the symmetric mode are described by
relations [17]

a12��� � ��=2�b2�	1 �  ��� � �2!���
;
a21��� � ��=2�b2�	1� ���� � �2!���


where �� kb,�� � d
b
, !��� � 1

2
	�cos ��1�

�2
� sin �

�
� Ci���
, �����

�K1���,  ��� � �2K0��� � �K1���, K0��� and K1��� are the
modified Bessel functions, and d is the vortex plait diameter. For the
case of the antisymmetric mode, the equations for the Fourier
transformation for the lateral and vertical oscillation components are
of the following form:

@�ŷA
�t
� a12�ẑA � �v̂2 � v̂1�;

@�ẑA
@t
� a21�ŷA � �ŵ2 � ŵ1�

where a12��� � ��=2�b2�	1�  ��� � �2!���
, a21����
��=2�b2�	1 � ���� � �2!���
.

The vertical and lateral wind gust sum and difference spectral
densities for the Karman model are [18]

Table 2 Time of the vortex ring formation

q, m=s 0.1 1.0
Tlink [15], s 170 48
Tlink (modified) [18], s 212 66
Tlink (Karman linear theory) [21], s 162 62
Tdelay, s (L2 � 20 m) 229 41

Fig. 7 Vortex life span, where 1 denotes [16], 2 denotes weak

turbulence [15] �� 0:87�1=4e�0:83�, and 3 denotes strong turbulence [15]
�� 0:41=�.

Fig. 8 Effect of parameter b=Lt on the dimensionless vortex life span.
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where �2
v � �kb�2 � �b=�kLv�2 and �2

w � �kb�2 � �b=�kLw�2. In
studying the effect of turbulence on the evolution of unstable vortex
oscillations, the Kolmogorov model [11] with the spectral density
energy function is used:

E��� � a"2=3=�5=3 (5)

The Kolmogorov model advantage is that it contains one
parameter instead of two. Justification for the model application
usually lies in the fact that the ratio of distance between vortices b to

Fig. 10 Zones of possible wake location in the vertical and horizontal planes at q� 0:1 m=s (the risk corridor is on the left, whereas one of the wake

vortex path realizations is on the right).

Fig. 9 Vortex parameters and safe time interval at q� 0:1 m=s (Tu-204).
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the turbulence scaleLt is small, and in this case only high frequencies
affect the evolution of unstable oscillations. By comparing Eqs. (2)
and (5) at high-frequency values, it is easy to establish the relation-
ship between parameters of the two models:

a"2=3 � 55

9�

1

�5=3k L2=3
t

�2

Figure 8 presents the effect of parameter b=Lt on the dimen-
sionless vortex “life span.” It follows from the results presented that
the universal relationship ��
� [11] for the Kolmogorov model
(b=Lt � 0) is sufficiently accurate for important, practical cases
except for the low-flight altitudes at which relation b=Lt may be
high.

The average wake life span is a highly significant parameter for
evaluating the threat level for the aircraft following the wake
generator. It might be noted in connection with this that, when in the
landing stage, substituting the elliptical circulation distribution
(optimal in the sense of induced drag minimization) by that close to
the triangular one (realized by the aircraft inboard flap deflections)
may result in significant decrease in the time specified owing to the
distance between vortices b diminishing. Hence, a substitution like
that may appear to be advantageous.

The following figures offer an illustration of the calculations
for the Tu-204 layout; Table 2 presents calculated values for the
time of the vortex ring formation using the classical Crow–Bate
theory (the Kolmogorov spectrum [11]) and its modification
[18], as well as calculation results based on the present paper
technique (the Karman spectrum) for turbulence levels q� 0:1
and 1 m=s.

Figure 9 gives detailed wake characteristics (time dependence of
the core radius, circumferential speed maximum, and vortex
circulation, as well as the follower safe delay interval as a function of
its wing spanL2). Figure 10 presents vortex paths (risk corridors) and
an illustration of a stochastic trajectory that fills in the risk corridor as
well. Here and in what follows the risk corridor size has been
determined based on the vortex path coordinate scatter criterion �.
The same data for the turbulence level q� 1 m=s are given in
Figs. 11 and 12.

It follows from the data presented that aircraft flight inside the
risk corridor is prohibitive due to a high probability of encountering
the preceding aircraft’s wake vortex. The risk corridor size is
determined by the stochastic properties of the wake vortex paths
rather than by the vortex core size, which is much less than that of
the risk corridor. The second aircraft safe time interval is not related
to the vortex ring formation time and may be both greater and less
than the latter.

Fig. 12 Zones of possible wake location at q� 1 m=s.

Fig. 11 Vortex parameters at q� 1 m=s.
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V. Application of the Wake Mathematical Models
for Flight Safety Problem Solutions

In terms of the wake model, every airport is characterized by the
wind statistics in variables V–q (wind velocity–turbulence level).
The airport characteristics are obtained with the aid of the standard
record processing of the meteorological tower wind-gauge readings
taken for several years (Fig. 13).

Based on the results obtained and using the Monin–Obukhov
model, theLMO value is determined for the lower and upper curves in
the plane V � q. All the experimental points lie in the area between
them. For a typical airport located on a plain (e.g., Frankfurt Airport),
practically all the atmosphere states occupy the area between the
curves LMO ��1 and 10 m. Analysis of the circulation attenuation
shows that the most hazardous are steady modes (the lowest
turbulence level at a specified wind velocity).

The key verification of the wake model suggested is the correct
estimation of the safe distance (safe time interval) between the
aircraft when landing on the same landing strip.As an example, a safe
interval aft of different aircraft were calculated. The atmosphere
parameters were taken on the curve LMO � 10 m. Table 3 presents
the estimates obtained for the safe time interval, and the ICAO
regulations aswell. It should be noted that the atmosphere parameters
at LMO � 10 m and V � 2 m=s are the worst in terms of the flight
safety. At such a lateral wind velocity, the windward vortex of the
wake from preceding aircraft will stay under the runway and will
have the minimum dissipation rate.

In the 1970s in the United States (NASA/Federal Aviation
Administration), a program of flight tests was conducted to
determine the safe distance between aircraft pairs. Figure 14 presents
a summary table of the test results. A significant scatter is seen to exist
in evaluating the safe distances for a particular aircraft pair relative to
the atmosphere state. Figure 15 gives the vortex attenuation calcu-
lation results compared to the data of the lidar maximum velocity
measurements in the vortex aft of B747 under the Frankfurt Airport
conditions with different atmosphere states.

Figure 16 gives calculation results of the leeward vortex position
aft of B747 against measurement data [19]. Figure 17 shows safe
time intervals for aircraft with wingspans L when landing on the
same landing strip aft of the aircraft indicated. Chosen is the worst of
the cases with q� 0:2 m=s, LMO � 10 m, and V10 � 2 m=s (wind
velocity at H� 10 m).

The ICAO regulations are also plotted here (a heavy class refers
to aircraft with L > 40 m, a middle one with �20 m< L < 40 m,
and a light one with �L < 20 m). The aircraft A380-200 is not
seen to meet the ICAO regulations, which requires that a new

class be introduced to the safe separation matrix. Flight experi-
ments conducted by Airbus have completely substantiated the
conclusion drawn and are also presented in Fig. 17 (see foot-
note ¶). It should be noted that, according to the ICAO
recommendations, the delay time is constant in every class and
based on the worst case.

Fig. 14 Safe distance estimation based on test results vs aircraft types

and atmosphere state [20].

Fig. 15 Maximum vortex velocity aft of B747 (2-D RANS calculation,

lidar [19]).

Table 3 Time delay

Follower Time interval
(calculation), s

ICAO
regulations, s

V � 5 m=s V � 2 m=s

B747 40 65 106
A340 50 100 106
A310 70 110 106
A320 100 135 132
Learjet 130 165 159

Fig. 13 The ICAOmodel complies with the neutral wind jLMOj > 400.
The area within the lines LMO ��1 and 10 m is the range of the wind

velocity and turbulence level values predicted by the Monin—Obukhov

model.
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VI. Conclusions

On the results of the theoretical analysis carried out in the
present paper, the following conclusions can be drawn. The effect
of circulation loss is the result of the wake vortex periphery inter-
action with the three-dimensional vortices of background vorticity
of the scale as the order of the wake vortex size. This cannot be
described by a two-dimensional approximation without introducing
empirical models of the vortex circulation attenuation. Both phases
of the vortex destruction may be specified using the boundary-
value problem for 3-D RANS with a modified turbulence model.
The method of 3-D LES should be used only for modeling a small-
scale instability, which is essential at takeoff and landing, in low-
altitude flights, and in the presence of atmosphere temperature
stratification only.

The following conclusions can be drawn from the results of the
calculations performed in the paper. An aircraft flight within the risk
corridor is prohibitive due to a high probability of encountering the
wake vortex generated by the preceding aircraft. The risk corridor is
not a measure of our lack of knowledge of the potential vortex path
but is an actual danger caused by the chaotic behavior of the latter. A
special emphasis should be laid on the fact that the risk corridor size is
determined by the wake trajectory stochastic properties rather than
by the vortex core radius, for which the size is much less than that of
the risk corridor. The safe distance is not related to the time of the
growth of the sinusoidal instability up to the moment when the
vortices come into contact (with the subsequent vortex rings
formation). It may be both higher and lower than Tlink.
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